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The association scheme having the same intersection numbers as those of
the group association scheme X(PSL(2, 7)) is shown to be isomorphic to
X(PSL(2, 7)), where PSL(2, 7) is the 2-dimensional projective special linear group
over the field of order 7.  1999 Academic Press
1. INTRODUCTION
In the study of commutative association schemes, primitive association
schemes play an important role, similar to the role simple groups play in
finite groups. For any commutative association scheme X, there exists a
sequence X=X0 $X1 $ } } } $Xr=([x], R0) such that the association
schemes Xi Xi+1 are primitive for 0ir&1. (See [2, Sect. II.9; 7].) If we
fix x # X, then XiXi+1 are uniquely determined up to isomorphism. (See
[6].) The group association scheme X(G) can be constructed from each
group G. The character table of G determines the intersection numbers of
X(G), and vice versa. (See [2, Sect. II.7].) It is well known that X(G) is
primitive if and only if G is simple.
In order to study finite simple groups from the viewpoint of algebraic
combinatorics, E. Bannai proposed that it would be interesting and
necessary to determine whether the group association scheme X(G) of a
given simple group G is characterized by its intersection numbers. This
problem has been open even for the smallest non-abelian simple group A5 ,
the alternating group of degree 5. (See [1].)
In [8] the author showed that X(A5) is characterized by its intersection
numbers. In this paper, we treat the case where G is the second smallest
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non-abelian simple group PSL(2, 7), the 2-dimensional projective special
linear group over the field of order 7. We show that X(PSL(2, 7)) is
characterized by its intersection numbers. For other finite simple groups G,
the characterization problem of X(G) is still open.
In general, the characterization problem of a group G by its character
table and the characterization problem of X(G) by its intersection numbers
among all association schemes are completely different. The group associa-
tion schemes of two non-isomorphic groups may be isomorphic and there
may exist an association scheme which is not a group association scheme
but has the same intersection numbers as those of some group association
scheme. In fact, the dihedral and quaternion groups of order 8, D8 and Q8 ,
are non-isomorphic but the association schemes X(D8) and X(Q8) are
isomorphic. And there are exactly three non-isomorphic association
schemes having the same intersection numbers as those of X(S4) of the
symmetric group S4 of degree 4, among them X(S4) is the unique group
association scheme. (See [8].)
We are particularly interested in simple groups, but we are also inter-
ested in infinite families of groups. The only result in this area is by
N. Yamazaki and the author. They characterized the group association
scheme X(Sn) of the symmetric group Sn of degree n by its intersection
numbers if n{4. (See [9, 10].) We also remark that this is the only known
characterization of an infinite family of schemes that are neither P- nor
Q-polynomial.
2. MAIN RESULT
Let X be a finite set and R0 , R1 , ..., Rd the relations on X, i.e., subsets of
X_X. Then X=(X, [Ri]0id) is a commutative association scheme of d
classes on X if the following conditions hold.
(1) R0=[(x, x) | x # X].
(2) X_X=R0 _ R1 _ } } } _ Rd , and Ri & Rj=< if i{ j.
(3) For all i # [0, 1, ..., d ], there exists i $ # [0, 1, ..., d ] such that
tRi=Ri $ , where tRi=[(x, y) | ( y, x) # Ri].
(4) For all i, j, k # [0, 1, ..., d ], the number of z # X such that
(x, z) # Ri and (z, y) # Rj is a constant, pkij , whenever (x, y) # Rk .
(5) pkij= p
k
ji for all i, j, k # [0, 1, ..., d ].
The non-negative integers [ pkij]0i, j, kd are called the intersection
numbers of X.
The reader is referred to [2, 3] for the general theory of association
schemes and related terminology.
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Take any finite group G. Let C0=[1], C1 , ..., Cd be the conjugacy
classes of G. Define the relations Ri on G by Ri=[(x, y) | yx&1 # Ci] for
i=0, 1, ..., d. Then X(G)=(G, [Ri]0id) is a commutative association
scheme of d classes on G called the group association scheme of G. (See
[2, Example II.2.1(2)].)
In this paper, we prove the following:
Theorem 2.1. The group association scheme X(PSL(2, 7)) is characterized
by its intersection numbers, where PSL(2, 7) is the 2-dimensional projective
special linear group over the field of order 7.
The i th adjacency matrix Ai of X is defined to be the matrix of degree
|X | whose rows and columns are indexed by the elements of X and whose
(x, y) entries are
(Ai)x, y={10
if (x, y) # Ri ,
otherwise.
The i th intersection matrix B i of X is defined to be the matrix of degree
d+1 whose ( j, k) entries are
(Bi)j, k= pkij .
The intersection numbers of the group association scheme X(G) can be
obtained from the following formula:
pkij=
|Ci | |Cj |
|G|
:
/ # Irr(G)
/(ui) /(uj) /(uk)
/(1)
,
where Irr(G) is the set of all irreducible characters of G, and ul is the
representative of Cl . (See [2, Sect. II.7].)
To calculate the intersection numbers of X(PSL(2, 7)), we order the
conjugacy classes of PSL(2, 7) as:
C0 C1 C2
representative: \10
0
1+ Z \
1
0
1
1+ Z \
1
0
&1
1 + Z
order of representative: 1 7 7
|Ci |: 1 24 24
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C3 C4 C5
representative: \ 0&1
1
0+ Z\
2
2
&2
2 + Z\
2
0
0
4+ Z
order of representative: 2 4 3
|Ci |: 21 42 56,
where Z=[( 1 00 1), (
&1
0
0
&1)].
Then the intersection matrices of X(PSL(2, 7)) are
B0=\
1 0 0 0 0 0
+ , B1=\
0 1 0 0 0 0
+ ,
0 1 0 0 0 0 0 1 9 8 0 3
0 0 1 0 0 0 24 1 1 0 8 3
0 0 0 1 0 0 0 0 7 0 4 3
0 0 0 0 1 0 0 14 0 8 4 6
0 0 0 0 0 1 0 7 7 8 8 9
B2=\
0 0 1 0 0 0
+ , B3=\
0 0 0 1 0 0
+ ,
24 1 1 0 8 3 0 0 7 0 4 3
0 9 1 8 0 3 0 7 0 0 4 3
0 7 0 0 4 3 21 0 0 4 4 3
0 0 14 8 4 6 0 7 7 8 1 6
0 7 7 8 8 9 0 7 7 8 8 6
B4=\
0 0 0 0 1 0
+ ,
0 14 0 8 4 6
0 0 14 8 4 6
0 7 7 8 1 6
42 7 7 2 16 12
0 14 14 16 16 12
B5=\
0 0 0 0 0 1
+ .
0 7 7 8 8 9
0 7 7 8 8 9
0 7 7 8 8 6
0 14 14 16 16 12
56 21 21 16 16 19
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In the following, we assume X=(X, [Ri]0i5) is an association scheme
having the same intersection matrices as those of X(PSL(2, 7)).
In general, it is well known that p0ij{0 if and only if j=i $. Hence, in our
case, 1$=2, 2$=1 and i $=i hold for i=0, 3, 4, 5. Also tR1=R2 , tR2=R1
and tRi=Ri hold for i=0, 3, 4, 5.
For any subset E of X, we define the graph (E, Ri) as the graph with
vertex set E and edge set (E_E) & Ri . The graph (E, Ri) is directed if
i # [1, 2] and undirected if i # [0, 3, 4, 5].
To prove Theorem 2.1, we have to show that all relations R1 , R2 , ..., R5
of X are uniquely determined by the intersection numbers. But it is enough
to show the following:
Proposition 2.2. The directed graph (X, R1) is uniquely determined by
the intersection numbers.
The proof of this proposition is long, but this proposition implies our
main theorem easily.
Proof of Theorem 2.1. By Proposition 2.2, the graph 1=(X, R1) is
uniquely determined. So the relation R1 is unique and so is the first
adjacency matrix A1 . Then we have the other adjacency matrices of X by
using the equation
A1 2= :
5
k=0
pk11Ak=0A0 +1A1 +9A2 +8A3 +0A4 +3A5 .
Namely, we determine them as
R2=[(x, y) | (A1 2)x, y=9]= tR1 ,
R3=[(x, y) | (A1 2)x, y=8],
R4=[(x, y) | (A1 2)x, y=0, x{ y],
R5=[(x, y) | (A1 2)x, y=3].
Thus all the relations of X are uniquely determined. K
Suppose we can determine the relations R3 , R4 , and R5 . For i, j #
[3, 4, 5], consider the equation
Ai Aj= :
5
k=0
pkij Ak= p
0
ij A0 + p
1
ijA1 + p
2
ij A2 + p
3
ij A3 + p
4
ijA4 + p
5
ij A5 .
Since the intersection numbers satisfy
p1ij= p
2
ij for i, j # [3, 4, 5],
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the coefficient of A1 and that of A2 are equal. Therefore we can not dis-
tinguish the relations R1 and R2 from the other three relations R3 , R4 , and
R5 just looking on the intersection numbers.
To determine the graph (X, Ri) (i=1, 2, ..., 5), it is natural to check the
local structure of it, i.e., to check the relations in the set Ri (x) for any
x # X. Consider the intersection numbers p iij ( j=1, 2, ..., 5). If p
i
ij=0, then
the relation Rj does not appear in the set Ri (x). If p iij {0, then Rj appear
in Ri (x). When p iij=1, each vertex u # Ri (x) has a unique vertex v # Ri (x)
such that (u, v) # Rj . This is a clue.
Recall that the graph (X, R1) is directed, p111= p
1
12=1, and
tR1=R2 . the
local graph (R1(x), R1) of (X, R1) is a union of polygons. In fact, we easily
have (R1(x), R1) is a union of triangles. (See Lemma 3.1.) Moreover, the
remaining relations in R1(x) are only two relations R4 and R5 as p113=0. The
non-symmetric relations R1 and R2= tR1 make a pair, and some intersection
numbers concerning R1 and R2 are 0 or 1. These facts give us good information.
It is hard to determine the relations in R3(x), R4(x) or R5(x) for any
x # X. All five relations appear in R5(x) as p55j {0 for j=1, 2, ..., 5. Though
p443=1 implies that there is a matching in R4(x) or p
3
31= p
3
32=0 implies
that two relations R1 and R2 does not appear in R3(x), we have to deter-
mine the remaining four relations in R4(x) or three relations in R3(x). In
each cases, the relations R3 , R4 , and R5 are symmetric, and the intersection
numbers concerning them are not small. So we do not get other good
information.
In the rest of paper, we prove Proposition 2.2.
3. RELATIONS IN THE LOCAL STRUCTURE
In this section, we consider the local structure of the directed graph
(X, R1). More precisely, for every x in X, we consider the relations in the
set R1(x) _ R2(x), where
Ri (x)=[ y # X | (x, y) # Ri] for i=0, 1, ..., d.
By the definition of the intersection numbers, for all i, j, k # [0, 1, ..., 5] and
all (x, y) # Rk ,
|Ri (x) & Rj ( y)|=|[z # X | (x, z) # Ri , (z, y) # Rj $]|= pkij $ .
Hence
|Ri (x) & R1( y)|= pki2 , |Ri (x) & R2( y)|= p
k
i1 ,
|Ri (x) & Rj ( y)|= pkij if j # [0, 3, 4, 5].
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When we take x= y and j=i $, we have the cardinality of the set Ri (x).
Namely,
|R1(x)|= p012=24, |R2(x)|= p
0
21=24,
|R3(x)|= p033=21, |R4(x)|= p
0
44=42, |R5(x)|= p
0
55=56.
The ordered set T=[u, v, w] said to be a R1 -triangle if (u, v), (v, w),
(w, u) # R1 , and R2 -triangle if (u, v), (v, w), (w, u) # R2 .
Lemma 3.1. For every x # X, the following hold.
(1) (a) The set R1(x) is a disjoint union of eight R1 -triangles.
(b) |R4( y) & T |=2 and |R5( y) & T |=1 for every R1 -triangle T in
R1(x) and every vertex y in R1(x)"T,
(2) (a) The set R2(x) is a disjoint union of eight R2 -triangles.
(b) |R4(y ) & T |=2 and |R5(y ) & T |=1 for every R2 -triangle T in
R2(x) and every vertex y in R2(x)"T .
Proof. (1) We claim that the relation R3 does not appear in R1(x).
Otherwise there exists u, v # R1(x) such that (u, v) # R3 , and v is in the set
R1(z) & R3(u) of cardinality p113=0.
Take any u # R1(x). Since p112= p
1
11=1, we may write
R1(x) & R1(u)=[v],
R1(x) & R2(u)=[w].
To prove (a), it is enough to show (v, w) # R1 .
Take z # R1(x) & R4(v). Then z{v, i.e., z  R1(u). Clearly z  R2(u),
otherwise z=w and u is in R2(v) & R1(w) of cardinality p422=0. Hence
R1(x) & R4(v)R4(u) _ R5(u).
From this and
7=p144=|R4(u) & R4(v)||R1(x) & R4(u) & R4(v)|,
7=p115=|R1(x) & R5(u)||R1(x) & R5(u) & R4(v)|,
we have
14|R1(x) & R4(v) & R4(u)|+|R1(x) & R4(v) & R5(u)|
=|R1(x) & R4(u) & (R4(u) _ R5(u))|
=|R1(x) & R4(v)|
=p114=14.
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Hence
R4(u) & R4(v)=R1(x) & R4(u) & R4(v),
R1(x) & R5(u)=R1(x) & R5(u) & R4(v)R1(x) & R4(v).
Suppose (v, w)  R1 . There exists z # R1(x) such that z{v, z{w and
z # R1(v). Then z # R4(u). Otherwise z # R5(u) and z # R4(v). Hence it is in
R4(u) & R1(v) of cardinality p142=0, a contradiction. Therefore we obtain
(v, w) # R1 and [u, v, w] is a R1-triangle and R1(x) is a union of eight
triangles.
To show (b), it is enough to show that there exists no vertex y # R1(x)
such that u, v, w # R4( y). Because, if so, in each of seven R1 -triangles not
containing y, at least one vertex of it lies in the relation R5( y). Since
|R1(x) & R5(y)|= p115=7, exactly one vertex lies in the relation R5( y).
Hence we have the assertion (b).
Let
A=R1(x) & R4(u) & R4(v) (=R4(u) & R4(v)),
B=R1(x) & R5(u) & R4(v) (=R1(x) & R5(u)),
C=(R1(x) & R4(u))"A.
These sets A, B, and C (see Fig. 1) are mutually disjoint, and their
cardinalities are |A|= p144=7, |B|= p
1
15=7, and |C|= p
1
14&7=7. We also
have C=R1(x) & R4(u) & R5(v). If there exists some y # R1(x) such that
u, v, w # R4( y), then y # A. Since R1(x) & R4(w) is the set of cardinality
p114=14, the set A _ B or A _ C contains at least eight vertices of them. If
FIG. 1. Distribution of R1(x).
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A _ B contains eight such vertices, then these eight vertices are in
R4(v) & R4(w) of cardinality p144=7, a contradiction. If A _ C contains
eight vertices, similarly we have a contradiction. Therefore there exists no
vertex y # R1(x) such that u, v, w # R4( y). (2) It is clear from changing the
role R1 and R2 . K
If we have some condition concerning the relation R1 , then we have the
similar condition concerning the relation R2 by changing the role R1
and R2 .
There exists a one-to-one correspondence between two sets R1(x)
and R2(x), because |R2(x) & R2(y)|= p121=1 for every y # R1(x) and
|R1(x) & R1(y )|= p212=1 for every y # R2(x). In the following, for every
y # R1(x), we write
R2(x) & R2(y)=[y ] and R2(x)=[y | y # R1(x)].
Lemma 3.2. For every x # X, the following hold.
(1) For every y # R1(x) and every R2 -triangle T =[: , ; , # ] in R2(x),
we have
(i) ( y, : ) # R2 , ( y, ; ), ( y, # ) # R1 when y # T .
(ii) ( y, : ) # R1 , ( y, ; ) # R5 , ( y, # ) # R3 and (y , : ) # R5 when y  T .
(2) For every y # R2(x) and every R1 -triangle T=[:, ;, #] in R1(x),
we have
(i) (y , :) # R1 , (y , ;), (y , #) # R2 when y # T.
(ii) (y , :) # R2 , (y , ;) # R5 , (y , #) # R3 , and ( y, :) # R5 when y  T.
Proof. The relation R4 does not appear between the sets R1(x) and
R2(x). Otherwise there exists u # R1(x) and v # R2(x) such that (u, v) # R4 .
Then v # R2(x) & R4(u) of cardinality p124=0.
Take any R2 -triangle T in R2(x) not containing y . Suppose the set
R1( y) & T has at least two vertices, then by Lemma 3.1(2), at least one ver-
tex of them lies in R4(y ). We write this vertex u . Then u is in the set
R1(y) & R4(y ) of cardinality p214=0, a contradiction. Hence we have
|R1( y) & T |1 for any triangle T not containing y .
As |R2(x) & R1(y)|= p122=9 and there exists seven R2 -triangles not con-
taining y in R2(x), we have |R1( y) & T |=2 if y # T and |R1( y) & T |=1 if
y  T .
Suppose y # T , then we may assume : =y and (i) holds. Suppose y  T .
We may assume ( y, : ) # R1 . Then (y , : ) # R5 , otherwise Lemma 3.1(2)
implies (y , : ) # R4 and : in the set R1(y) & R4(y ) of cardinality p214=0.
Since ( y, : ) # R1 , two vertices ; , # are in R3( y) _ R5( y). In fact ; is in
R5( y), otherwise ( y, ; ) # R3 and : # R1(y) & R1(; ) of cardinality p312=0.
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Since |R2(x) & R5(y)|= p125=7, each R2 -triangle not containing y has
exactly one vertex lies in R5( y). Hence # lies in R3( y) and (ii) holds. K
To indicate the relations between two subsets of X, we use the submatrix
of the relation matrix R, where R=0A0 +1A1 +2A2 +3A3 +4A4 +5A5 .
The (x, y)-entry of R is l if and only if (x, y) # Rl .
Lemma 3.3. Take every x # X. For every R1 -triangle T=[u, v, w] in
R1(x) and every R2 -triangle S =[: , ; , # ] in R2(x), the following hold.
(1) Suppose u =: . Then v =; , w =# and the relations between T and
S are
u v w
u 2 1 1
v 1 2 1
w 1 1 2
(2) Suppose u  S . Then v , w  S and the relations between T and S are
: ; #
u 1 5 3
v 5 3 1
w 3 1 5
Moreover, if we know one relation (z, $ ) of z # T and $ # S , then we know all
the relations between T and S .
Proof. (1) If u =: , then (u, : ) # R2 . Applying Lemma 3.2(1) to u and
S , we have (u, ; ), (v, # ) # R1 . Applying Lemma 3.2(2) to : and T, we obtain
(v, : ), (w, : ) # R1 .
Since u # R2(v) & R2(# ) and p321=0, we have (v, # )  R3 . So applying
Lemma 3.2(1) to v and S , we obtain v # S , i.e., (v, ; ) or (v, # ) # R2 . As
; , # , v # R1(u) and (# , ; ) # R1 , by considering the R1-triangle in R1(u), we
obtain (v, # ) # R1 , (v, ; ) # R2 and v =; . By similar argument using
Lemma 3.2, we obtain (w, ; ) # R1 , (w, # ) # R2 and w =# .
(2) By Lemma 3.2(1), we may assume (u, : ) # R1 , (u, ; ) # R5 ,
(u, # ) # R3 . We apply Lemma 3.2 to ; and T, to # and T, to w and S , and
to v and S . Then the assertion holds. K
By this Lemma 3.3(1), for every R1 -triangle T=[u, v, w] in R1(x), the
corresponding set [u , v , w ] is a R2-triangle in R2(x). In the following, we
write T for this corresponding R2 -triangle [u , v , w ] of T.
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Lemma 3.4. Take every x # X. For every two distinct R1 -triangles
T=[u, v, w] and T $=[u$, v$, w$] in R1(x), the relations among the
R1 -triangles T, T $ and their corresponding R2 -triangles T , T $ are
u$ v$ w$
,
u$ v$ w$
,u 5 4 4 u 5 4 4
v 4 4 5 v 4 4 5
w 4 5 4 w 4 5 4
u v w u$ v$ w$
.
u 2 1 1 1 5 3
v 1 2 1 5 3 1
w 1 1 2 3 1 5
u$ 1 5 3 2 1 1
v$ 5 3 1 1 2 1
w$ 3 1 5 1 1 2
Moreover, the following are equivalent:
(i)
u$ v$ w$
u 5 4 4
v 4 4 5
w 4 5 4
(ii)
u$ v$ w$
u 5 4 4
v 4 4 5
w 4 5 4
(iii)
u$ v$ w$
u 1 5 3
v 5 3 1
w 3 1 5
(iv)
u v w
.u$ 1 5 3
v$ 5 3 1
w$ 3 1 5
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Proof. Clearly we obtain the relations between T and T , and between
T $ and T $. By Lemma 3.3(2), we may assume (u, u$), (v, w$), (w, v$) # R1 .
Hence we obtain the relations between T and T $. Since p411=0 and
u # R1(u ) & R2(u$), we have (u , u$) # R5 . Similarly (v , w$), (w , v$) # R5 hold.
Since u$ # R1(u) & R2(u$) and p411=0, we have (u, u$) # R5 . Similarly
(v, w$), (w, v$) # R5 hold. By Lemma 3.1, we obtain the relations between T
and T $, and between T and T $.
Since u # R4(v$) & R1(u ), u # R4(w$) & R1(u ) and p142=0, we have
(v$, u ), (w$, u )  R1 . Hence (u$, u ) # R1 holds. Similarly (v$, w ), (w$, v ) # R1
hold. Therefore by Lemma 3.2(2), we obtain the relation between T $ and T .
K
Corollary 3.5. For every x # X, take :, ; # R1(x) and let : , ; # R2(x)
be the corresponding vertices of :, ;. Then the following are equivalent:
(i) (:, ;) # R5 .
(ii) (: , ; ) # R5 .
(iii) (:, ; ) # R1 and (:, ;)  R1 _ R2 .
(iv) (:, ; ) # R1 and (: , ; )  R1 _ R2 .
4. VERTICES OF THE LOCAL STRUCTURES
Take every vertices x and y in X. R1( y) is a disjoint union of eight
R1 -triangles by Lemma 3.1(1). Let Ti=[ui , vi , w i] (i=0, 1, ..., 7) be the
R1 -triangles in R1( y). Then R2( y) is a disjoint union of eight R2 -triangles
Ti=[ui , vi , w i] (i=0, 1, ..., 7).
In this section, we consider how these 48 vertices in R1( y) _ R2( y) (see
Fig. 2) are distributed into Ri (x) (i=0, 1, ..., 5).
When (x, y) # R1 , by the intersection numbers, we have
|R1(y) & R0(x)|=p210=0, |R2(y) & R0(x)|=p
2
20=1,
|R1(y) & R1(x)|=p212=1, |R2(y) & R1(x)|=p
2
22=1,
|R1(y) & R2(x)|=p211=9, |R2(y) & R2(x)|=p
2
21=1,
|R1(y) & R3(x)|=p213=7, |R2(y) & R3(x)|=p
2
23=0,
|R1(y) & R4(x)|=p214=0, |R2(y) & R4(x)|=p
2
24=14,
|R1(y) & R5(x)|=p215=7, |R2(y) & R5(x)|=p
2
25=7.
317GROUP ASSOCIATION SCHEME OF PSL(2, 7)
File: 582A 298213 . By:XX . Date:26:10:99 . Time:08:15 LOP8M. V8.B. Page 01:01
Codes: 2312 Signs: 740 . Length: 45 pic 0 pts, 190 mm
FIG. 2. (R1(y), R1) and (R2(y), R2) of y # R1(x).
Lemma 4.1. For every x # X and y # R1(x), the following hold.
R1(y) & R0(x)=<,
R2(y) & R0(x)=[u0],
R1(y) & R1(x)=[u0],
R2(y) & R1(x)=[w0],
R1(y) & R2(x)=[v0 , w0 , ui | i=1, ..., 7],
R2(y) & R2(x)=[v0],
R1(y) & R3(x)=[wi | i=1, ..., 7],
R2(y) & R3(x)=<,
R1(y) & R4(x)=<,
R2(y) & R4(x)=[vi , wi | i=1, ..., 7],
R1(y) & R5(x)=[vi | i=1, ..., 7],
R2(y) & R5(x)=[ui | i=1, ..., 7].
Proof. Since y # R1(x), we have x # R2( y). So we may assume x=u0 .
Applying Lemma 3.2(2) to u0 and T0 , we obtain u0 # R1(u0) and v0 , w0 #
R2(u0). Applying Lemma 3.2(2) to u0 and Ti for i=1, ..., 7, we may assume
ui # R2(u0), vi # R5(u0) and wi # R3(u0).
Next consider the vertices in R2( y). Since u0=x and T0 is a R2 -triangle
containing u0 , we have w0 # R1(x) and v0 # R2(x). Lemma 3.1(2) implies
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ui , vi , wi # R4(x) _ R5(x) for i=1, ..., 7. Suppose ui # R4(x). Then u i is in
the set R4(x) & R2(ui) of cardinality p241=0. So ui # R5(x) holds. Therefore
R2(y) & R4(x)=[vi , wi | i=1, ..., 7] and R2(y) & R5(x)=[ui | i=1, ..., 7]. K
Similarly we have the next lemma.
Lemma 4.2. For every x # X and y # R2(x), the following hold,
R1(y) & R0(x)=[u0],
R2(y) & R0(x)=<,
R1(y) & R1(x)=[v0],
R2(y) & R1(x)=[v0 , w0 , ui | i=1, ..., 7],
R1(y) & R2(x)=[w0],
R2(y) & R2(x)=[u0],
R1(y) & R3(x)=<,
R2(y) & R3(x)=[wi | i=1, ..., 7],
R1(y) & R4(x)=[vi , wi | i=1, ..., 7],
R2(y) & R4(x)=<,
R1(y) & R5(x)=[ui | i=1, ..., 7],
R2(y) & R5(x)=[vi | i=1, ..., 7].
When (x, y) # R3 , by the intersection numbers, we have
|R1(y) & R0(x)|=p310=0, |R2(y) & R0(x)|=p
3
20=0,
|R1(y) & R1(x)|=p312=0, |R2(y) & R1(x)|=p
3
22=8,
|R1(y) & R2(x)|=p311=8, |R2(y) & R2(x)|=p
3
21=0,
|R1(y) & R3(x)|=p313=0, |R2(y) & R3(x)|=p
3
23=0,
|R1(y) & R4(x)|=p314=8, |R2(y) & R4(x)|=p
3
24=8,
|R1(y) & R5(x)|=p315=8, |R2(y) & R5(x)|=p
3
25=8.
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Lemma 4.3. For every x # X and y # R3(x), the following hold.
R1(y) & R0(x)=<,
R2(y) & R0(x)=<,
R1(y) & R1(x)=<,
R2(y) & R1(x)=[ui | i=0, ..., 7],
R1(y) & R2(x)=[ui |i=0, ..., 7],
R2(y) & R2(x)=<,
R1(y) & R3(x)=<,
R2(y) & R3(x)=<,
R1(y) & R4(x)=[vi | i=0, ..., 7],
R2(y) & R4(x)=[vi | i=0, ..., 7],
R1(y) & R5(x)=[wi | i=0, ..., 7],
R2(y) & R5(x)=[wi | i=0, ..., 7].
Proof. Take any u # R1(y) & R2(x) (see Fig. 3) and let [u, v, w] be the
R1-triangle in R1( y) containing u. Suppose w # R2(x). Then u, x # R1(w),
y # R2(w). And these three vertices satisfy (u, x) # R1 , ( y, u) # R1 . Applying
Lemma 3.2(2) to y in R2(w) and the R1-triangle in R1(w) containing u and
x, we have ( y, x) # R5 , a contradiction. Also w  R4(x) holds, otherwise u
is in the set R2(x) & R1(w) of cardinality p422=0. Hence w # R5(x).
FIG. 3. (R1(y), R1) and (R2(y), R2) of y # R2(x).
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FIG. 4. (R1( y), R1) and (R2(y), R2) of y # R3(x).
Since u is an arbitrary vertex in the set R1(y) & R2(x), we have v # R4(x).
Similarly, take any R2-triangle [u , v , w ] in R2( y) (see Fig. 4). Then
u # R1(x), v # R4(x) and w # R5(x) hold.
Now consider the vertices ui , vi , and wi for i=0, 1, ..., 7. We may assume
that ui # R2(x), vi # R4(x) and wi # R5(x).
Next consider the corresponding vertices ui , vi , and wi . Suppose
ui # R4(x). Then ui is in the set R4(x) & R2(ui) of cardinality p241=0, a
contradiction. Suppose ui # R5(x). Then vi # R1(x). Hence vi is in
R1(x) & R2(vi) of cardinality p411=0, a contradiction. Therefore we obtain
ui # R1(x), and we obtain vi # R4(x) and wi # R5(x). K
When (x, y) # R5 , by the intersection numbers, we have
|R1(y) & R0(x)|=p510=0, |R2(y) & R0(x)|=p
5
20=0,
|R1(y) & R1(x)|=p512=3, |R2(y) & R1(x)|=p
5
22=3,
|R1(y) & R2(x)|=p511=3, |R2(y) & R2(x)|=p
5
21=3,
|R1(y) & R3(x)|=p513=3, |R2(y) & R3(x)|=p
5
23=3,
|R1(y) & R4(x)|=p514=6, |R2(y) & R4(x)|=p
5
24=6,
|R1(y) & R5(x)|=p515=9, |R2(y) & R5(x)|=p
5
25=9.
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Lemma 4.4. For every x # X and y # R5(x), the following hold,
R1(y) & R0(x)=<,
R2(y) & R0(x)=<,
R1(y) & R1(x)=[u0 , u1 , u2],
R2(y) & R1(x)=[v3 , v4 , v5],
R1(y) & R2(x)=[v0 , v1 , v2],
R2(y) & R2(x)=[u3 , u4 , u5],
R1(y) & R3(x)=[v3 , v4 , v5],
R2(y) & R3(x)=[v0 , v1 , v2],
R1(y) & R4(x)=[w0 , w1 , w2 , u3 , u4 , u5],
R2(y) & R4(x)=[w3 , w4 , w5 , u0 , u1 , u2],
R1(y) & R5(x)=[w3 , w4 , w5] _ T6 _ T7 ,
R2(y) & R5(x)=[w0 , w1 , w2] _ T6 _ T7 .
Proof. Take u, v # R1( y) such that (u, v) # R1 . Suppose v # R2(x). Then
u, y # R2(v) such that (u, y) # R2 . Applying Lemma 4.2 to x and v # R2(x),
we have u # R1(x) as y # R5(x) (See Fig. 5). Similarly, u # R4(x) if v # R1(x)
by Lemma 4.1, and u # R4(x) if v # R3(x) by Lemma 4.3.
FIG. 5. (R1( y), R1) and (R2( y), R2) of y # R5(x)
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Take any R1 -triangle [u, v, w] in R1( y). If v # R2(x), then u # R1(x) and
w # R4(x). Hence we may assume
R1(y) & R1(x)=[u0 , u1 , u2],
R1(y) & R2(x)=[v0 , v1 , v2],
R1(y) & R4(x)$[w0 , w1 , w2].
If v # R3(x), then u # R4(x). Hence we may assume
R1(y) & R3(x)=[v3 , v4 , v5],
R1(y) & R4(x)$[u3 , u4 , u5].
Thus
R1(y) & R4(x)=[w0 , w1 , w2 , u3 , u4 , u5].
Therefore
R1(y) & R5(x)=[w3 , w4 , w5] _ T6 _ T7 .
By the same argument, for any R2-triangle [u , v , w ] in R2( y), one of the
following holds:
(i) u # R2(x), v # R1(x), w # R4(x),
(ii) u # R4(x), v # R3(x), w # R5(x),
(iii) u , v , w # R5(x).
Since vi , y # R2(vi) satisfy ( y, vi) # R2 and y # R5(x) for i=0, 1, 2,
Lemma 4.2 applying to x and vi # R2(x) implies v i # R3(x). Hence
R2(y) & R3(x)=[v0 , v1 , v2],
R2(y) & R4(x)$[u0 , u1 , u2],
R2(y) & R5(x)$[w0 , w1 , w2].
Similarly, by Lemma 4.3, we have vj # R1(x) for j=3, 4, 5. Hence
R2(y) & R1(x)=[v3 , v4 , v5],
R2(y) & R2(x)=[u3 , u4 , u5],
R2(y) & R4(x)$[w3 , w4 , w5]
Therefore the assertion holds. K
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When (x, y) # R4 , by the intersection numbers, we have
|R1(y) & R0(x)|=p410=0, |R2(y) & R0(x)|=p
4
20=0,
|R1(y) & R1(x)|=p412=8, |R2(y) & R1(x)|=p
4
22=0,
|R1(y) & R2(x)|=p411=0, |R2(y) & R2(x)|=p
4
21=8,
|R1(y) & R3(x)|=p413=4, |R2(y) & R3(x)|=p
4
23=4,
|R1(y) & R4(x)|=p414=4, |R2(y) & R4(x)|=p
4
24=4,
|R1(y) & R5(x)|=p415=8, |R2(y) & R5(x)|=p
4
25=8.
Lemma 4.5. For every x # X and y # R4(x), the following hold,
R1(y) & R0(x)=<,
R2(y) & R0(x)=<,
R1(y) & R1(x)=[ui , wi+4 | i=0, 1, 2, 3],
R2(y) & R1(x)=<,
R1(y) & R2(x)=<,
R2(y) & R2(x)=[u i+4 , wi | i=0, 1, 2, 3],
R1(y) & R3(x)=[vi | i=0, 1, 2, 3],
R2(y) & R3(x)=[v i+4 | i=0, 1, 2, 3],
R1(y) & R4(x)=[wi | i=0, 1, 2, 3],
R2(y) & R4(x)=[w i+4 | i=0, 1, 2, 3],
R1(y) & R5(x)=[ui+4 , vi+4 | i=0, 1, 2, 3],
R2(y) & R5(x)=[ui , vi | i=0, 1, 2, 3].
Proof. Take u, v # R1( y) such that (u, v) # R1 . Suppose v # R3(x). Then,
since y, u # R2(v) satisfy (u, y) # R2 and y # R4(x) (see Fig. 6). Lemma 4.3
applying to x and v # R3(x) implies u # R1(x).
Suppose u # R3(x). Then v  R1(x). Otherwise v is in the set
R1(x) & R1(u) of cardinality p312=0. Similarly, we have v  R3(x) as p
3
32=0.
We also have v  R5(x). Otherwise, since y, u # R2(v) such that (u, y) # R2
and y # R4(x), applying Lemma 4.4 to x and v # R5(x) implies u # R1(x) _
R5(x). This contradicts our assumption u # R3(x). So v # R4(x) holds if
u # R3(x).
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FIG. 6. (R1( y), R1) and (R2( y), R2) of y # R4(x)
Take any R1-triangle [u, v, w] in R1( y). If v # R3(x), then u # R1(x) and
w # R4(x). Therefore we may assume
R1(y) & R1(x)$[ui | i=0, 1, 2, 3],
R1(y) & R3(x)=[vi | i=0, 1, 2, 3],
R1(y) & R4(x)=[wi | i=0, 1, 2, 3].
Suppose there exist v, w # R1(y) & R1(x) such that (v, w) # R1 . Then y
and x are in the set R2(v) & R2(w) of cardinality p121=1, a contradiction.
So if w # R1(x), then u, v # R5(x). Hence we may assume
R1(y) & R1(x)$[wi | i=4, 5, 6, 7],
R1(y) & R5(x)=[ui , vi | i=4, 5, 6, 7].
By the same argument, for any R2 -triangle T =[u , v , w ] in R2( y), one of
the following holds:
(i) u # R2(x), v # R3(x), w # R4(x),
(ii) w # R2(x), u , v # R5(x).
For i=4, 5, 6, 7, we have ui , y # R2(ui) such that ( y, ui) # R2 and
vi , y # R2(vi) such that ( y, vi) # R2 . Applying Lemma 4.4 to x and ui , and
to x and vi , we have ui , vi # R2(x) _ R3(x). Hence we have ui # R2(x),
vi # R3(x), wi # R4(x) for i=4, 5, 6, 7.
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For i=0, 1, 2, 3, we have wi , y # R2(wi) such that ( y, wi) # R2 and
y # R4(x). Since any R2 -triangle in R2(wi) is one of the two cases
mentioned above, we have wi # R2(x). Therefore we obtain wi # R2(x),
ui , vi # R5(x) for i=0, 1, 2, 3. K
5. THE GRAPH (R1(x), R5)
In this section, we prove that the undirected graph (R1(x), R5) is
isomorphic to the Klein graph, and we determine all the relations in
R1(x) _ R2(x).
Lemma 5.1. For every x # X and y # R5(x), let R1( y)=[ui , vi , wi | i=0,
..., 7] and R2( y)=[ui , vi , wi | i=0, ..., 7]. We may assume these vertices lie
as in Lemma 4.4. Then the following holds.
(1) The relations between Ti and Tj are
ui vi wi
(i=j=0, 1, ..., 5),ui 0 1 2
vi 2 0 1
wi 1 2 0
uj vj wj
,
uj+3 vj+3 wj+3
(0i{j2),ui 4 5 4 ui+3 4 5 4
vi 5 4 4 vi+3 5 4 4
wi 4 4 5 wi+3 4 4 5
ui+3 vi+3 wi+3
,
ui vi wi
(0i=j2),ui 4 5 4 ui+3 4 5 4
vi 5 4 4 vi+3 5 4 4
wi 4 4 5 wi+3 4 4 5
uj+3 vj+3 wj+3
,
uj vj wj
(0i{j2).ui 5 4 4 ui+3 5 4 4
vi 4 4 5 vi+3 4 4 5
wi 4 5 4 wi+3 4 5 4
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(2) The relations between Ti and Tj are
ui vi wi
(i=j=0, 1, ..., 5),ui 0 2 1
vi 1 0 2
wi 2 1 0
uj vj wj
,
uj+3 vj+3 wj+3
(0i{j2),ui 4 5 4 ui+3 4 5 4
vi 5 4 4 vi+3 5 4 4
wi 4 4 5 wi+3 4 4 5
ui+3 vi+3 wi+3
,
ui vi wi
(0i=j2),ui 4 5 4 ui+3 4 5 4
vi 5 4 4 vi+3 5 4 4
wi 4 4 5 wi+3 4 4 5
uj+3 vj+3 wj+3
,
uj vj wj
(0i{j2).ui 5 4 4 ui+3 5 4 4
vi 4 4 5 vi+3 4 4 5
wi 4 5 4 wi+3 4 5 4
(3) The relations between Ti and Tj are
ui vi wi
(i=j=0, 1, ..., 5),ui 2 1 1
vi 1 2 1
wi 1 1 2
uj vj wj
,
uj+3 vj+3 wj+3
(0i{j2),ui 3 1 5 ui+3 3 1 5
vi 1 5 3 vi+3 1 5 3
wi 5 3 1 wi+3 5 3 1
ui+3 vi+3 wi+3
,
ui vi wi
(0i=j2),ui 3 1 5 ui+3 3 1 5
vi 1 5 3 vi+3 1 5 3
wi 5 3 1 wi+3 5 3 1
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uj+3 vj+3 wj+3
,
uj vj wj
(0i{j2).ui 1 5 3 ui+3 1 5 3
vi 5 3 1 vi+3 5 3 1
wi 3 1 5 wi+3 3 1 5
Proof. For 0i5, we obtain the relations in Ti , in Ti , and between
Ti and Ti .
Take i, j with 0i{ j2. Suppose (ui , vj) # R4 . Then x is in the set
R2(ui) & R1(vj) of cardinality p422=0, a contradiction. Hence (ui , vj) # R5
holds. By Lemma 3.4, we can determine the relations between Ti and Tj .
Similarly we can determine the relations between Ti+3 and Tj+3 .
By Lemma 3.4, we obtain the relations between Ti and Tj , between Ti
and Tj , between Ti+3 and Tj+3 , and between T i+3 and Tj+3 .
Next we take i, j with i=0, 1, 2 and j=3, 4, 5, and consider R1(vi) & Tj .
If vj # R1(vi), then uj # R3(vi) by Lemma 3.2(1), and uj is in the set
R2(x) & R3(vi) of cardinality p223=0. So vj  R1(vi). If uj # R1(v i), then uj is
in the set R2(x) & R1(vi) of cardinality p222=1. So at most one of u3 , u4 , u5
is in R1(v i) and at least two of w3 , w4 , w5 are in R1(v i).
Suppose all w3 , w4 , w5 are in R1(vi). Consider the vertices in R1(v i) &
(R1( y) _ R2( y)). Then [w3 , w4 , w5 , w i , wi , u0 , u1 , u2 , : , ; ]R1(vi), where
: , ; # [ul , vl , wl | l=7, 8]. Because wi , wi # R1(vi) follows from the relations
in Ti _ Ti , we determined u0 , u1 , u2 # R1(vi) above, and exactly one vertex
of Tl (l=6, 7) is in R1(vi) from Lemma 3.2. Now [wi , wi , ui] is a R1-triangle
in R1(v i), but any pair of other seven vertices does not lie in the relation
R1 because they are in different R1 -triangles in R2( y). So there are at least
eight R1 -triangles in R1(vi) & (R4(x) _ R5(x)), which contradicts Lemma
4.2. Hence, for i=0, 1, 2, one of u3 , u4 , u5 is in R1(vi).
For j=3, 4, 5, since R2(x) & R2(uj) is a set of cardinality p221=1, at most
one of v0 , v1 , v2 lies in R2(uj). So we may assume uj # R1(vi) if j=i+3 and
wj # R1(vi) if j{i+3. By Lemma 3.3, we can determine the relations
between Ti and Tj .
By Lemma 3.4, we can determine all the other relations. K
We determine the parameters of the graph (R1(x), R5).
Lemma 5.2. Take every x # X. Every two adjacent vertices in the graph
(R1(x), R5) have precisely two common neighbors.
Proof. In the graph (R1(x), R5), take any two adjacent vertices y, z.
Then ( y, z) # R5 . We claim that w is a common neighbor of y, z if and only
if w # R1(y) & R1(z). Because, if w is a common neighbor, then w # R5(y) &
R5(z). Corollary 3.5 implies w # R1(y) & R1(z). Conversely, take
w # R1(y) & R1(z). If (y , w ), (z , w )  R1 _ R2 , then w # R5( y) & R5(z) by
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Corollary 3.5. So we may assume (y , w ) # R1 . Since (z, y) # R5 , Corollary
3.5 implies (z, y ) # R1 and (z , y ) # R5 . So z is not in the R2-triangle T
containing w , y , but two distinct vertices w , y of T are in R1(z), which
contradicts Lemma 3.2(2).
Therefore we show that |[w # R2(x) | w # R1(y) & R1(z)]|=2.
Since p512=3, we may write
[:1 , :2 , :3]=R1(y) & R1(z).
Then y # R5(z), x # R2(y) & R2(z) and :i # R1(y) & R1(z) for i=1, 2, 3.
Applying Lemma 4.4 to z and y # R5(z), we have x # [u3 , u4 , u5] and
[:1 , :2 , :3]=[u0 , u1 , u2]. By Lemma 5.1(3), two of :1 , :2 , :3 are in R2(x)
and one of them is in R3(x) for any x # [u3 , u4 , u5]. Hence we obtain
|[w # R2(x) | w # R1(y) & R1(z)]|=2. K
Next we show that every two vertices at distance two have precisely two
common neighbors. To prove this, we need some lemmas.
In the rest of this section, for the vertices in the set R1( y) _ R2( y) of
every y # R4(x), we use the letter [:i , ; i , # i , : i , ; i , #i] instead of [ui , vi , wi ,
ui , vi , wi] used in the Lemma 4.5.
Lemma 5.3. The following hold.
(1) Take #i for i=0, 1, 2, 3. Then |[:l | (#i , :l) # R2 , l{i, l=0, 1,
2, 3]|=1 and |[;l | (#i , ;l) # R2 , l{i, l=0, 1, 2, 3]|=2.
(2) Take #j for j=4, 5, 6, 7. Then |[:l | (#j , :l) # R1 , l{ j, l=4, 5,
6, 7]|=1 and |[;l | (#j , ;l) # R1 , l{ j, l=4, 5, 6, 7]|=2.
Proof. (1) We have (#i , #l)  R2 , because otherwise #i is in the set
R2(x) & R1(#l) of cardinality p422=0. Hence
|[#l | (#i , #l) # R2 , l{i, l=0, 1, 2, 3]|=0.
Suppose (#i , :l) # R2 . By Lemma 3.3, (# i , :l) # R2 if and only if
(;i , ;l) # R2 if and only if (#i , ;l) # R5 . Now we consider the set R2(;l) of
;l # R5(x). Then ; l # R2(;l) & R3(x) and # i # R2(;l) & R2(x). Lemma 4.4
applying to x and ;l implies ;l # [v0 , v1 , v2], #i # [u3 , u4 , u5]. By using the
fourth and fifth matrices in Lemma 5.1(2), we have |[;l | (#i , ;l) # R5 , l{i,
l=0, 1, 2, 3]|1. Hence
|[:l | (#i , :l) # R2 , l{i, l=0, 1, 2, 3]|1.
Suppose (#i , ;l) # R2 . By Lemma 3.3, (#i , ; l) # R2 if and only if
(;i , #l) # R2 if and only if (# i , #l) # R5 . Then #l # R2(;l) & R4(x) and
#l # R2(; l) & R2(x). Now we consider the set R2(; l) of ; l # R5(x).
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Lemma 4.4 applying to x and ;l implies that #l # [w3 , w4 , w5 , u0 , u1 , u2]
and #i # [u3 , u4 , u5]. By Lemma 5.1(2), we obtain |[#l | (# i , # l) # R5 ,
l{i, l=0, 1, 2, 3]|2. Hence
|[;l | (#i , ;l) # R2 , l{i, l=0, 1, 2, 3]|2.
Hence the assertion holds. K
Lemma 5.4. The following hold.
(1) Take #i for i=0, 1, 2, 3. Then we have |[#l | (#i , #l) # R2 ,
l=4, 5, 6, 7]|=2 and |[;l | (#i , ; l) # R2 , l=4, 5, 6, 7]|=2.
(2) Take #j for j=4, 5, 6, 7. Then we have |[#l | (#j , #l) # R1 ,
l=0, 1, 2, 3]|=2 and |[;l | (#j , ;l) # R1 , l=0, 1, 2, 3]|=2.
Proof. (1) We have (#i , :l)  R2 . Because otherwise (# i , :l) # R2 , then
by Lemma 3.4, (#i , :l) # R1 and (:i , #l) # R1 . Then #l is in the set
R4(x) & R1(:i) of cardinality p142=0. Hence
|[:l | (#i , :l) # R2 , l=4, 5, 6, 7] |=0.
Suppose (#i , #l) # R2 . By Lemma 3.3, (# i , # l) # R2 if and only if
(;i , :l) # R2 if and only if (# i , :l) # R5 . Now we consider the set R2(;l) of
;l # R5(x). Then #i # R2(;l) & R2(x) and :l # R2(;l) & R5(x). Lemma 4.4
applying to x and ;l implies that #i # [u3 , u4 , u5] and : l # [w0 , w1 , w2 , u t ,
v t , w t | t=6, 7]. By Lemmas 3.1 and 5.1(2), only one vertex of T6 and only
one vertex of T7 are in the set R5(#i). So we obtain |[:l | (#i , :l) # R5 ,
l=4, 5, 6, 7]|2. Hence
|[#l | (#i , #l) # R2 , l=4, 5, 6, 7]|2.
Suppose (#i , ;l) # R2 . By Lemma 3.3, (#i , ; l) # R2 if and only if
(;i , #l) # R2 if and only if (#i , #l) # R5 . Now we consider R2(;l) of
;l # R5(x). Then #i # R2(;l) & R2(x) and #l # R2(;l) & R1(x). Lemma 4.4
applying to x and ;l implies that #i # [u3 , u4 , u5], #l # [v3 , v4 , v5]. By
Lemma 5.1(2), we have |[#l | (#i , #l) # R5 , l=4, 5, 6, 7] |2. Hence
|[;l | (#i , ;l) # R2 , l=4, 5, 6, 7]|2.
Hence the assertion holds. K
Lemma 5.5. Take every x # X and every y # R4(x). The following hold.
(1) For every : # R1(x) & R1(y), |[; # R2(x) & R2(y) | (:, ; ) # R1]|=4.
(2) For every ; # R2(x) & R2(y), |[: # R1(x) & R1(y) | (; , :) # R2]|=4.
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Proof. (1) When : # [#4 , ..., #7], it is clear from Lemmas 5.3(2), 5.4(2)
and the fact that (#j , :j) # R1 for j=4, 5, 6, 7.
So we may assume that : # [:0 , ..., :3].
For i, l=0, 1, 2, 3 and i{l, by Lemma 3.4, (:i , #l) # R1 if and only if
(#l , :i) # R1 if and only if (: l , # i) # R1 . Lemma 5.3(1) implies
|[#l | (:i , #l) # R1 , l{i, l=0, 1, 2, 3]|=1.
For i=0, 1, 2, 3 and l=4, 5, 6, 7, by Lemma 3.4, (:i , :l) # R1 if and only if
(:l , :i) # R1 if and only if (; l , # i) # R1 . Lemma 5.3(1) implies
|[:l | (:i , :l) # R1 , l=4, 5, 6, 7]|=2.
From these two and (:i , #i) # R1 for i=0, 1, 2, 3, we have the
assertion. K
Take two vertices :, ; # R1(x) such that (:, ;) # R1 _ R2 . Then : and ;
are in the same R1 -triangle in R1(x). So by Lemma 3.1, there exits no
vertex # # R1(x) such that :, ; # R5(#). Hence :, ; are not at distance two
in the graph (R1(x), R5).
Lemma 5.6. Take every x # X. Then every two vertices at distance two in
the graph (R1(x), R5) have precisely two common neighbors.
Proof. Take any two vertices y, z at distance two in (R1(x), R5). Then,
as we saw before, ( y, z)  R1 _ R2 _ R5 . So we have ( y, z) # R4 . We know
that y, z are not in the same R1 -triangle of R1(x). So we may assume y # T1
and z # T2 .
By Corollary 3.4, w # R1(x) such that w # R5(y) & R5(z) if and only if
w # R2(x) such that w  T1 _ T2 and w # R1(y) & R1(z).
Count the number of vertices w # R2(x) such that w # R1(y) & R1(z). Let
z be a base point. Then y # R4(z), x # R2(y) & R2(z) and w # R1(y) & R1(z).
By Lemma 5.5(2), the number of such vertices w is four. Two of these four
are in T1 _ T2 by Lemma 3.4. Therefore the assertion holds. K
A connected graph 1 is called distance-regular if it is regular of valency
k, and if for any two vertices :, ; of 1 at distance i, precisely bi neighbors
of ; are at distance i+1 from :, ci neighbors of ; at distance i&1 from
:, and ai neighbors of ; at distance i from :,
The maximum distance of 1 is called diameter of 1 and is denoted by d.
The sequence @(1)=[b0 , b1 , ..., bd ; c1 , c2 , ..., dd] is called the intersection
array of 1. Let ki be the number of vertices at distance i from :. (ki does
not depend on the choice of :.)
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Lemma 5.7. The graphs (R1(x), R5) and (R2(x), R5) are isomorphic to
the Klein graph for every x # X.
Proof. It is enough to show that the graph 2=(R1(x), R5) is distance-
regular with the intersection array @(2)=[7, 4, 1; 1, 2, 7]. Because the Klein
graph is uniquely determined by the intersection array. (See [3, Sect. 12.5; 4].)
Take any vertex y # R1(x). Then b0=k1=|R1(x) & R5(y)|= p115=7.
Lemma 5.2 implies b1=b0&a1&c1=7&2&1=4, and Lemma 5.6 implies
c2=2. Since k1 b1=k2 c2 , we have k2=14. So there exist two vertices at
distance at least three from y. Since 2 is regular of valency 7, these two
vertices are at distance three from y. These two vertices and y forms a
R1 -triangle T in R1(x). Hence a3=0 and c3=7 hold. Take any z at
distance 2 from y in (R1(x), R5). Then ( y, z) # R4 and z  T. By Lemma 3.1,
exactly one vertex in T is in R5( y). Therefore b2=1. K
In accordance with the notation of [5], for any x in X we may label 24
vertices of the graph (R1(x), R5) with the set
R1(x)=[Y, Yi | Y # [, 0, 1], i # [0, 1, ..., 6]],
where, for Y # [, 0, 1] and i # [0, 1, ..., 6],
Y is adjacent to Yi ,
i is adjacent to , i\2 , 0i\1 , 1i\4 ,
0i is adjacent to 0, 0i\4 , 1i\2 , i\1 ,
1i is adjacent to1, 1 i\1 ,  i\4 , 0 i\2 .
The Klein graph is vertex transitive, but it depends on the choice of
vertices : and ; of at distance two whether two common neighbors of :
and ; are adjacent. For example, the neighbors of  and 0i , 0 and 1i , or
1 and i are adjacent, but the neighbors of  and 1i , 1 and 0i , or 0 and
i are not adjacent.
Our goal is to determine the directed graph (X, R1). Now we determine
the graph (R1(x), R1).
Lemma 5.8. The following hold.
(1) [, 0, 1], [i , 1i , 0i] are triangles in the graph (R1(x), R1) for
i=0, 1, ..., 6.
(2) [, 0 , 1 ], [i , 1i , 0i] are triangles in the graph (R2(x), R2) for
i=0, 1, ..., 6.
Proof. Consider the path from  to 0 in the graph (R1(x), R5). Since
two common neighbors i and i+2 of  and 0i+1 are adjacent, and two
332 MASATO TOMIYAMA
neighbors 0i+1 and 0i+3 of  i+2 and 0 are not adjacent, we have
(, 0) # R1 by Lemma 5.1(1). (For example, (u0 , v0) # R1 , the neighbors u4
and v1 of u0 and u2 are adjacent, and the neighbors u2 and w5 of v1
and v0 are not adjacent.) So [, 0, 1] is a R1 -triangle in R1(x).
Hence Lemma 3.4 implies [i , 1i , 0i] is a R1 -triangle in R1(x) for
i=0, 1, ..., 6. K
By this Lemma, in the directed graph 1=(X, R1), we know the edges in
R1(x) and in R2(x). By Corollary 3.5, we also know the edges between
R1(x) and R2(x). Namely, for Y, Z # [, 0, 1], Y{Z and i # [0, 1, ..., 6],
(Y , Y), (Y i , Yi), (Y, Z ), (Yi , Y ), (Yi , Z i), (Y, Y i) # R1 ,
i\2 , 0i\1 , 1i\4 # R1(i),
0i\4 , 1i\2 , i\1 # R1(0i),
1i\1 , i\4 , 0i\2 # R1(1i).
Take any y # R5(x) and consider the graph (R1(x), R5). We may assume
u0=1. By Lemma 5.1, we have v1 , u4 , v3 , u5 , v2 # R5(u0) and (v1 , u4),
(u4 , v3), (v3 , u5), (u5 , v2) # R5 . We may assume that v1=10 , u4=11 ,
v3=12 , u5=13 , v2=14 since the Klein graph is a locally heptagon.
Therefore we may assume
R1(y) & R0(x)=<,
R1(y) & R1(x)=[1, 0 , 4],
R1(y) & R2(x)=[, 10 , 14],
R1(y) & R3(x)=[12 , 01 , 03],
R1(y) & R4(x)=[0, 00 , 04 , 2 , 11 , 13],
R1(y) & R5(x)=[02 , 1 , 3 , 5 , 15 , 05 , 6 , 16 , 06],
R2(y) & R0(x)=<,
R2(y) & R1(x)=[12 , 01 , 03],
R2(y) & R2(x)=[2 , 11 , 13],
R2(y) & R3(x)=[ , 10 , 14],
R2(y) & R4(x)=[1 , 0 , 4 , 02 , 1 , 3],
R2(y) & R5(x)=[0 , 00 , 04 , 5 , 15 , 05 , 6 , 16 , 06].
We note that, for any distinct two vertices u, v # R1(y) & R1(x), there
exists no vertex w # R2(y) & R5(x) such that w # R1(u) & R1(v).
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6. THE GRAPH 1=(X, R1)
We construct the directed graph 1=(X, R1) and prove Proposition 2.2.
We determined the edges in the set R1(x) _ R2(x) in previous section. First
we determine the edges between the set R1(x) _ R2(x) and R3(x) _ R4(x) _
R5(x), and we determine the edges in R3(x) _ R4(x) _ R5(x).
The set [u, v, w] said to be a R5 -triangle if (u, v), (v, w), (w, u) # R5 . The
R5 -triangle in Rl (x) for l=1, 2 is a triangle in the graph (Rl (x), R5), which
is isomorphic to the Klein graph. So the number of R5 -triangle in Rl (x) is
56. The cardinality of Rl (x) is also p055=56.
Lemma 6.1. For every x # X, the following hold.
(1) There are one-to-one correspondences between the set of vertices in
R5(x) and the set of R5 -triangles in R1(x), and between the set of vertices
in R5(x) and the set of R5 -triangles in R2(x).
(2) We have the edges of 1 between the set R1(x) _ R2(x) and the set
R5(x). Namely, take every vertex y in R5(x) and let TR1(x) and
S R2(x) be the corresponding R5 -triangles of y. Then
R1(y) & R1(x)=[u # R1(x) | (u, :) # R2 for some : # T],
R2(y) & R1(x)=[u # R1(x) | (u, :) # R1 for some : # T],
R1(y) & R2(x)=[u # R2(x) | (u , ; ) # R2 for some ; # S ],
R2(y) & R2(x)=[u # R2(x) | (u , ; ) # R1 for some ; # S ].
Proof. Take any y # R5(x). Then by Lemma 4.4, we have
R1(y) & R1(x)=[u0 , u1 , u2], R2(y) & R1(x)=[v3 , v4 , v5],
R1(y) & R2(x)=[v0 , v1 , v2], R2(y) & R2(x)=[u3 , u4 , u5].
By Lemma 5.1, for i, j=0, 1, 2 with i{ j,
(ui , vi+3) # R1 , (ui , vj+3) # R5 ,
(ui+3 , vi) # R2 , (vi , u j+3) # R5 ,
(ui , vi) # R1 , (v i+3 , ui+3) # R1 .
Since R1(x) is a union of R1 -triangles and R2(x) is a union of R2 -triangles,
there exist some vertices :i # R1(x) and ; i # R2(x) such that [ui , vi+3 , : i]
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is a R1 -triangle in R1(x) and [;i , ui+3 , vi] is a R2 -triangle in R2(x). Then
as (ui , vj+3), (vi , uj+3) # R5 , by Lemma 3.1, [:0 , :1 , :2] is a R5-triangle in
R1(x), and [; 0 , ; 1 , ; 2] is a R5 -triangle in R2(x). Therefore any vertex y in
R5(x) corresponds to one R5 -triangle in R1(x) and to one R5 -triangle in
R2(x). We note that, for i, j=0, 1, 2 with i{ j, we have (:i , vj) # R1 and
(:i , ; i) # R1 because (ui , u j+3) # R5 , (ui , v i) # R1 and Lemma 3.3. So by
Corollary 3.5, we have
(:i , vj), (: i , ;i), (:i , : j) # R5 ,
where we recall R2(x) & R2(:i)=[:i].
We show that two distinct vertices in R5(x) correspond to the different
R5 -triangles in R1(x) and the different R5 -triangles in R2(x).
We may assume y and y$ correspond to the same R5 -triangle T in R1(x).
Suppose there exists some vertex w in R1( y) & R1( y$) & R2(x) or R2( y) &
R2( y$) & R2(x), then there exists some vertex z in R1( y) & R1( y$) & R1(x)
or R2( y) & R2( y$) & R1(x) such that (z, w ) # R1 . Then y and y$ are in the
set R2(z) & R2(w ) or the set R1(z) & R1(w ) of cardinality p121= p
1
12=1, a
contradiction. So we may assume y correspond to S and y$ correspond to
S $ such that S & S $=<. Take any : # T. As we saw before, three vertices
in R2(x) related to S and three vertices in R2(x) related to S$ are in R5(: ).
Since S & S$=<, these six vertices are mutually distinct. Two other
vertices of a R5-triangle T are in R5(: ), then eight vertices are in
R2(x) & R5(: ) of cardinality p225=7, a contradiction.
As |R5(x)|= p055=56 and there are 56 R5 -triangles in Rl (x) for l=1, 2,
we have the assertion. K
Take any y # R3(x). For the vertices in the set R1( y) _ R2( y), we use
the letter [:i , ;i , #i , :i , ; i , #i] instead of [u i , vi , w i , u i , vi , wi] used in the
Lemma 4.3.
We say eight vertices [z1 , z2 , ..., z8] in Rl (x) (l=1, 2) is said to be
four-R5 -edge when (zi , zj) # R5 for |i& j |=4, (zi , zj)  R5 for |i& j |{4 and
(zi , zj)  R1 for all i, j. For any edge in the Klein graph, there exists a
unique four-R5 -edge containing it. Since the number of edges is 84,
the number of four-R5 -edges is 21. The cardinality of R3(x) is also
p033=21.
Lemma 6.2. For every x # X, the following hold.
(1) There are one-to-one correspondences between the set of vertices in
R3(x) and the set of four-R5 -edges in R1(x), and between the set of vertices
in R3(x) and the set of four-R5 -edges in R2(x).
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(2) We have the edges of 1 between the set R1(x) _ R2(x) and the set
R3(x). Namely, take every vertex y in R3(x) and let FR1(x) and
G R2(x) be the corresponding four-R5 -edges of y. Then
R2(x) & R1(y)=G ,
R1(x) & R2(y)=F.
Proof. We first claim that, for any i # [0, 1, ..., 7],
|[;j | (;j , #i) # R1 , j=0, 1, ..., 7 and i{ j]|=1,
|[#j | (#j , #i) # R1 , j=0, 1, ..., 7 and i{ j]|=4,
|[:j | (:j , #i) # R1 , j=0, 1, ..., 7 and i{ j]|=2.
By Lemma 3.3, (;j , #i) # R1 if and only if (:j , : i) # R1 . Then :j is in the
set R2(x) & R2(:i) of cardinality p121=1. So the number of such :j is at
most one. Hence
|[;j | (;j , #i) # R1 , j=0, 1, ..., 7 and i{ j]|1.
By Lemma 3.3, (#j , #i) # R1 if and only if #j , :i # R2(#i) and (#j , :i) # R5 .
Consider the set R2(#i) of #i # R5(x). Then :i # R2(#i) & R1(x), # j # R2(#i) &
R5(x). Applying Lemma 4.4 to x and # i , we have :i # [v3 , v4 , v5] #j # [w0 ,
w1 , w2 , ul , vl , wl | l=6, 7]. By Lemma 5.1(2), the number of such #j is at
most 4. Hence
|[#j | (#j , #i) # R1 , j=0, 1, ..., 7 and i{ j]|4.
By Lemma 3.3, (:j , #i) # R1 if and only if : j , : i # R2(#i) and (:j , :i) # R5 .
Similarly, since :j # R2(# i) & R2(x), :i # R2(#i) & R1(x) and by Lemma 5.1,
the number of such :j is at most 2. Hence
|[:j | (:j , #i) # R1 , j=0, 1, ..., 7 and i{ j]|2
Therefore we have the claim.
Take #0 . We may assume that [:1 , :2 , ;3 , #4 , #5 , #6 , #7]R2(#0). By
Corollary 3.5, these seven vertices are in R5(#0).
Now we consider the set R2(#0) of #0 # R5(x). As any pair of above
seven vertices are not in the relation R1 , each of them are in different
R2 -triangles in R2(#0). We also have [:0 , ;0 , :0]R2(#0).
Applying Lemma 4.4 to x and #0 , we may assume [:0 , ;0 , :0] is a R2 -
triangle T3 , i.e., :0=u3 , ;0=w3 , :0=v3 . Then we have [:1 , :2]=[u4 , u5].
Since #0 # R1(#0) & R5(x) such that (#0 , ;0) # R2 , we have #0=w3 . Since
;3 # [u0 , u1 , u2] and ;3 # R5(w3), we have ;3=u0 by Lemma 5.1. So we
may assume [#4 , #5]=[w1 , w2] and #6 , #7 # T6 _ T7 .
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By Lemma 5.1, we have (u0 , u4), (u0 , u5), (w1 , w2) # R5 and the rest pairs
of the set [u0 , u4 , u5 , w1 , w2] are not in the relation R5 . Since the
(R2(#0), R5) is isomorphic to the Klein graph and the local structure of the
Klein graph is a heptagon, we may assume the set [;3 , :1 , #6 , #4 , #5 , #7 ,
:2] of neighbors of #0 is a heptagon in (R2(#0), R5).
Now we may assume #0=1 and [11 , 12 , ..., 17]=[;3 , :1 , #6 , #4 , #5 , #7 ,
:2]. Then
R1(y) & R2(x)=[, 1 , 12 , 03 , 04 , 05 , 06 , 17],
R2(y) & R1(x)=[ , 1 , 12 , 03 , 04 , 05 , 06 , 17].
These sets [, 1 , 12 , 03 , 04 , 05 , 06 , 17] and [ , 1 , 12 , 03 , 04 , 05 ,
06 , 17] are four-R5 -edges.
Suppose the two distinct vertices y and y$ correspond to the same four-
R5 -edge F in R1(x). For any : # R2(y) & R1(x), there exists vertices :y #
R1(y) & R2(x) and :y$ # R1(y$) & R2(x) such that (: , :y), (: , :y$) # R2 . Then
:y , :y$ are in R2(x) & R2(: ) of cardinality p121=1. So :y=:y$ , and we have
y and y$ correspond to the same four-R5-edges in R2(x). For any : # R2(y)
& R1(x)=R2(y$) & R1(x), there exists : # R1(y) & R2(x)=R1(y$) & R2(x)
such that (: , :) # R1 . Then y and y$ is in the set R1(: ) & R2(:) of
cardinality p111=1, a contradiction.
Therefore the assertion holds. K
We say four vertices [:1 , :2 , :3 , :4] in Ri (x) for i=1, 2 is said to be a
R5 -quadrangle when (:1 , :2), (:2 , :3), (:3 , :4), (:4 , :1) # R5 , (:1 , :3),
(:2 , :4)  R5 . For i=1, 2 and any R5 -quadrangle P in Ri (x), there exists a
unique set P* of four vertices of R1(x) satisfying that no pair of P* is in
the relation R1 _ R5 and no vertex in P* is in R1( p) _ R5( p) for all p # P.
The number of R5 -quadrangles in the Klein graph is 42, and the
cardinality of R4(x) is also p044=42.
Lemma 6.3. For every x # X, the following hold.
(1) There are one-to-one correspondences between the set of vertices in
R4(x) and the set of R5 -quadrangles in R1(x), and between the set of vertices
in R4(x) and the set of R5 -quadrangles in R2(x).
(2) We have the edges of 1 between the set R1(x) _ R2(x) and the set
R4(x). Namely, take every vertex y in R4(x) and let PR1(x) and
Q R2(x) be the corresponding R5 -quadrangles of y. Then
R1(y) & R1(x)=P _ P*,
R2(y) & R2(x)=Q _ Q*.
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Proof. Take #0 . By Lemmas 5.3(1) and 5.4(1), we have
|[:j | (#0 , : j) # R2 , j=1, 2, 3]|=1,
|[;j | (#0 , ; j) # R2 , j=1, 2, 3]|=2,
|[#j | (#0 , #j) # R2 , j=4, 5, 6, 7]|=2,
|[;j | (#0 , ;j) # R2 , j=4, 5, 6, 7]|=2.
So, by Lemma 3.3, we have
|[;j | (;0 , ;j) # R2 , j=1, 2, 3]|=1,
|[#j | (;0 , #j) # R2 , j=1, 2, 3]|=2,
|[:j | (;0 , :j) # R2 , j=4, 5, 6, 7]|=2,
|[#j | (;0 , #j) # R2 , j=4, 5, 6, 7]|=2.
We may assume ;1 , #2 , #3 , :4 , :5 , #6 , #7 # R2(;0). By Corollary 3.5, these
seven vertices are in R5(;0).
Now we consider the set R2(;0) of ;0 # R5(x). As any pair of seven
vertices above are not in the relation R1 , each of them is in different
R2 -triangle in R2(;0). We also have [#0 , :0 , #0]R2(;0).
Applying Lemma 4.4 to x and ;0 , we may assume [#0 , :0 , #0] is a R2 -
triangle T3 , i.e., #0=w3 , :0=v3 , #0=u3 . Then we have [#6 , #7]=[v4 , v5].
Since ;0 # R1(;0) & R3(x) such that (;0 , :0) # R2 , we have ;0=v3 . Since we
have ;1 # [v0 , v1 , v2] and ;1 # R5(v3), we have ;1=v0 by Lemma 5.1. So
we may assume [#2 , #3]=[u0 , u1] and :4 , :5 # T6 _ T7 .
By Lemma 5.1, we have (v4 , u1), (u1 , v0), (v0 , u2), (u2 , v5) # R5 . Since
the (R2(;0), R5) is isomorphic to the Klein graph and the local structure of
the Klein graph is a heptagon, we may assume the set [#6 , #2 , ;1 , #3 , #7 ,
:4 , :5] of neighbors of #0 is a heptagon in (R2(;0), R5).
Now we may assume ;0=1. Then [11 , 12 , ..., 17]=[#6 , #2 , ;1 , #3 , #7 ,
:4 , :5]. Then we have
R1(y) & R1(x)=[0, 01 , 2 , 03 , 14 , 5 , 6 , 17],
R2(y) & R2(x)=[0 , 01 , 2 , 03 , 14 , 5 , 6 , 17].
Therefore we obtain P=[0, 01 , 2 , 03] is a R5 -quadrangle and
P*=[14 , 5 , 6 , 17], and Q =[0 , 01 , 2 , 03] is a R5 -quadrangle and
Q *=[14 , 5 , 6 , 17].
Suppose y and y$ correspond to the same quadrangle P, and take u, v # P
such that (u, v) # R5 . Then consider the set R2(u) & R2(v) of cardinality
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p521=3. We know one vertex is x, and one of other two is in R3(x) by
Lemma 6.2. Hence we have y= y$.
Therefore the assertion holds. K
Proof of Proposition. We have to determine the edges of the directed
graph (X, R1) in R3(x) _ R4(x) _ R5(x).
Take any y # R1(x). Then we have the vertices of R1( y) _ R2( y), but we
do not know the edges in R1( y) _ R2( y).
By Lemmas 6.1 and 6.2, we can determine the edges between R1(y) &
R2(x) and R1(y) & R3(x), and between R1(y) & R2(x) and R1(y) & R5(x).
Hence by Lemma 4.1, we can determine the edges between R1(y) & R3(x)
and R1(y) & R5(x). Now we can name the vertices of R1( y) as
R1(x) & R1(y)=[0],
R2(x) & R1(y)=[, 1, 1i | i=1, ..., 7],
R3(x) & R1(y)=[ i | i=1, ..., 7],
R5(x) & R1(y)=[0i | i=1, ..., 7].
By Lemma 6.1 and 6.3, we have the edges between R1( y) & (R1(x) _
R2(x)) and R2( y). So by the structure of R1( y) _ R2( y), we obtain all the
edges in R1( y) _ R2( y). (For example, the vertex : # R2(y) & R4(x) such
that : # R1(0) & R1(1i\1) must be 0i .)
Since y runs over the vertices of R1(x), we obtain all the edges in
R3(x) _ R4(x) _ R5(x). Therefore the directed graph 1 is uniquely
determined.
Actually, take any y # R3(x). We may write R2(y) & R1(x)=
[z1 , z2 , ..., z8] as p321=8, Then y # R1(zi) for i=1, 2, ..., 8. Applying
Lemma 4.1 to x and zi , there exists a unique vertex :i # R2(zi) & R4(x) such
that ( y, :i) # R2 . We have :i {:j , as otherwise zi , zj are in the set
R2(z) & R2(:i) of cardinality p121=1. As p
3
41=8, we have R2(y) & R4(x)=
[:0 , ..., :7]. Similarly we obtain R1(y) & R4(x). Therefore we can determine
the edges between R3(x) and R4(x).
Take any y # R4(x). The set R1(x) & R1(y) is cardinality p412=8. By
Lemma 4.5, the number of vertices z # R1(x) & R1(y) such that there exists
:z # R2(z) & R1(y) satisfying ( y, :z) # R1 is 4. Let z1 , z2 , z3 , z4 be these four
vertices. We note :zi is unique for each zi . We have :zi {:zj , as otherwise
zi , zj are in the set R1(y) & R1(:zi) of cardinality p
1
12=1. As p
4
14=4, we
have R1(y) & R4(x)=[:z1 , :z2 , :z3 , :z4]. Therefore we can determine the
edges in R4(x).
Take any y # R5(x). Since p522=3, we may write R2(y) & R1(x)=
[z1 , z2 , z3]. For i=1, 2, 3, we have y # R1(zi). Applying Lemma 4.1 to x
and zi , there exists a unique vertex :i # R1(zi) & R3(x) such that
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( y, :i) # R1 . We have :i {:j , as otherwise zi , zj are in the set R2(y) &
R2(:i) of cardinality p121=1. As p
5
13=3, we have R1(y) & R3(x)=
[:1 , :2 , :3]. Similarly we obtain R2(y) & R3(x). Therefore we can deter-
mine the edges between R3(x) and R5(x).
Again, applying Lemma 4.1 to x and zi for i=1, 2, 3, there exists a
unique vertex ;i # R2(zi) & R4(x) such that ( y, ;i) # R2 . We have ;i {; j , as
otherwise zi , zj are in the set R2(y) & R1(;i) of cardinality p122=1.
Similarly, since p512=3, we may write R1(y) & R1(x)=[z$1 , z$2 , z$3]. We have
y # R2(zi) for i=1, 2, 3. Applying Lemma 4.1 to x and z$i , there exists a
unique vertex ;$i # R4(x) & R2(z$i) such that ( y, ;$i) # R2 . We have ;$i {;$j , as
otherwise z$i , z$j are in the set R1(y) & R1(:i) of cardinality p112=1. We also
have ;i {;$j , as otherwise zi , z$j , y # R1(; i) and y # R1(zi) & R2(z$j ), which
contradicts Lemma 4.5. As p524=6, we have R2(y) & R4(x)=[;1 , ;2 , ;3 ,
;$1 , ;$2 , ;$3]. Similarly we obtain R1(y) & R4(x). Therefore we can determine
the edges between R4(x) and R5(x).
Next consider the sets R1( y) and R2( y). Applying Lemma 4.4 to x and
y, we have [z$1 , z$2 , z$3]=[u0 , u1 , u2]. By Lemma 5.1, for each z$i , there
exists exactly three vertices in R2(y) & R5(x) which lies in R1(zi). (One of
them is in [w0 , w1 , w2] and rest two are in [ul , vl , wl | l=6, 7].) We write
these three :z$i1 , :
z$i
2 , :
z$i
3 . We have :
z$i
l {:
z$j
m , otherwise z$i , z$j are in
R1(y) & R1(x) and :z$il is in R2(y) & R5(x) such that :
z$i
l # R1(z$i) & R1(z$j) .
This contradicts the last comment in Section 5. Therefore we can determine
R5(x) & R2(y) and the edges in R5(x). K
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